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Abstract

This article studies the effect of discretisation error on the stationary dis-
tribution of stochastic partial differential equations (SPDEs). We restrict the
analysis to the effect of space discretisation, performed by finite element schemes.
The main result is that under appropriate assumptions the stationary distribu-
tion of the finite element discretisation converges in total variation norm to the
stationary distribution of the full SPDE.
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Introduction

In this article we consider the finite element discretisation for stochastic partial dif-
ferential equations (SPDEs) of the form

atu(t’m) = aiu(t’x) + f(u(t,x)) + \/iatw(tvx) V(t, JJ) € [07 OO) X [07 1]’ (1)

where J;w is space-time white noise and f: R — R is a smooth function with bounded
derivatives, and the differential operator 92 is equipped with boundary conditions such
that it is a negative operator on the space L2 ([0, 1], R). More specifically, we are con-
sidering the effect that discretisation of the SPDE has on its stationary distribution.

Our motivation for studying this problem lies in a recently proposed, SPDE-based
sampling technique: when trying to sample from a distribution on path-space, e.g. in
filtering/smoothing problems to sample from the conditional distribution of a process
given some observations, one can do so using a Markov chain Monte Carlo approach.
Such MCMC methods requires a process with values in path-space and it transpires
that in some situations SPDEs of the form can be used, see e.g.|Hairer et al.| (2005,
2007) and |Hairer et al.| (2009) for a review. When implementing the resulting meth-
ods on a computer, the sampling SPDEs must be discretised and, because MCMC
methods use the sampling process only as a source of samples from its stationary
distribution, the effect of the discretisation error on an MCMC method depends on
how well the stationary distribution of the SPDE is approximated. While there are
many results of approximation of trajectories of SPDEs (e.g. Millet and Morien) 2005;
Walsh, [2005; [Hausenblas|, 2008; |Gyongy and Millet, [2009; |Jentzenl 2011)), approxim-
ation of the stationary distribution seems not to be well-studied so far.

When discretising an SPDE, discretisation of space and time can be considered
to be two independent problems. In cases where only the stationary distribution of
the process is of interest, Metropolis sampling, using the next time step of the time
discretisation as a proposal, can be used to completely eliminate the error introduced
by time discretisation (Beskos et al.l |2008]). For this reason, in this article we restrict
the analysis to the effect of space discretisation alone. The discretisation technique
discussed here is a finite element discretisation, which is a much-studied technique



for deterministic PDEs. The approximation problem for stochastic PDEs, as studied
in this article, differs from the deterministic case significantly, since here we have to
compare the full distribution of the solutions instead of considering the approximation
of the solution as a function.

Finally, the error of the resulting sampling method is not only affected by the
error in the stationary distribution, but also by the time it takes for the sampling
equation to reach equilibrium. Here, we concentrate on the error in the equilibrium
distribution itself and refer to[Bou-Rabee and Hairer| (2012)) for discussion of the speed
of convergence to equilibrium.

While the results of this article are formulated for SPDEs with values in R, we
expect the results and techniques to carry over to SPDEs with values in R?, d > 1
without significant changes. We only restrict discussion to the one-dimensional case
to ease notation. This is in contrast to the domain of the SPDEs: we consider the case
of one spacial dimension because this is the relevant case for the sampling techniques
discussed above, but this choice significantly affects the proofs and a different approach
would likely be required to study the case of higher-dimensional spatial domains.

The text is structured as follows: In section [I] present the required results to
characterise the stationary distribution of the SPDE . In section |2[ we introduce
the finite element discretisation scheme for and identify the stationary distribu-
tion of the discretised equation. Building on these results, in section [3] we state our
main result about convergence of the discretised stationary distributions to the full
stationary distribution. Finally, in section ] we give two examples in order to illus-
trate the link to the MCMC methods discussed above and also to demonstrate that
the considered finite element discretisation forms a concrete and easily implemented
numerical scheme.

1 The Infinite-Dimensional Equation

In order to study the SPDE (|1)), it is convenient to rewrite the equation as an evolution
equation on the Hilbert space H = LQ([O, 1], Rd); For a description of the underlying
theory we refer, for example, to the monograph of Da Prato and Zabczyk| (1992)). We
consider

du(t) = Lu(t) dt + f(u(t)) + V2dw(t)  Vt>0 (2)
where the solution u takes values in H and f acts pointwise on u, i.e. f(u)(z) =
f(u(x)) for almost all z € [0,1] for some function f: R* — RY, such that f maps
H into itself. Furthermore, w is an L2?-cylindrical Wiener process and we equip the
linear operator £ = 92 with boundary conditions given by the domain

D(L) = {u € H*([0,1],R) | cou(0) — Bodru(0) = 0, ayu(1) + B10,u(1) =0}  (3)

where ay, a1, 8o, f1 € R. The boundary conditions in (3)) include the cases of Dirichlet
(6; = 0) and v. Neumann («; = 0) boundary conditions. The general case of «;, 8; # 0
is known as Robin boundary conditions.

We start our analysis by considering the linear equation

du(t) = Lu(t)dt + V2dw(t) Vvt >0. (4)

For equation to have a stationary distribution, we require £ to be negative definite.
The following lemma states necessary and sufficient conditions on «; and §; for this
to be the case.

Lemma 1.1. The operator L is a self-adjoint operator on the Hilbert space H. The
operator L is negative definite, if and only if aq, 5o, a1, 81 are contained in the set

A= {ﬁo(ao +B0) > 0, B1(ar + B1) > 0, (a0 + Bo) (a1 + B1)| > \5061|}
{80 = 0,00 #0. Bi(a1 +B1) > 0} U{Boao + Bo) > 0, B1 = 0,01 # 0
U{By=0.00#0, B = 0,01 £ 0}.




proof. From the definition of £ it is easy to see that the operator is self-adjoint.

We have to show that £ is negative if and only if («g, 8o, a1,81) € A. Without
loss of generality we can assume 3; > 0 for ¢ = 1,2 and «; > 0 whenever §8; = 0 (since
we can replace (g, 8;) by (—a;, —f;) if required). Assume that A is an eigenvalue of
L. If A > 0, the corresponding eigenfunctions are of the form

Az \/Xr

u(z) = cre + coe”
where ¢; and ¢y are given by the boundary conditions: For u to be in the domain of
L, the coefficients ¢; and co need to satisfy

ag — BoVA o + BovVA <C1> _ (0)
(a1 + BivA)eVr  (ar — Biva)e VA ) \e 0/
Non-trivial solutions exist only if the matrix is singular or, equivalently, if its determ-

inant

F(A) = agay + (0B + a180) VAcoth VX + BoBi A (5)

satisfies f(A) = 0. For A = 0 the eigenfunctions are of the form u(z) = ¢11 + cox
and an argument similar to the one above shows that the boundary conditions can
be satisfied if and only if cgay + pB1 + a1 89 = 0. Since z coth(x) — 1 as x — 0, this
condition can be written as f(0) = 0 where

f(0)= 1/\1% f(A) = apan + apfi + a1 Bo.
This shows that £ is negative whenever f(A) # 0 for all A > 0.
Let (ag, Bo,1,P1) € A. Assume first 5; # 0 for i = 1,2 and let & = «;/5;. Then,
by the first condition in A, we have £,& > —1 and (§ — 1)(&; — 1) > 1, and for
A >0 we get

FO) =&+ (S0 + &) VAcothV A+ A > (& + 1)(& +1) — 1> 0.

The cases By = 0 or 81 = 0 can be treated similarly. Thus, for («g, 5o, 1,51) € A,
there are no eigenvalues with A > 0 and the operator is negative.

For the converse statement, assume that («g, So, a1, 51) ¢ A. We then have to
show that there is a A > 0 with f()\) = 0. Assume first 3; > 0 for i = 1,2 and define
& as above. If (§o +1)(&1 + 1) = 1, we have f(0) = 0. If (§ + 1)(& + 1) < 1, the
function f satisfies f(0) < 0 and f(\) = 0o as A — oo; by continuity there is a A > 0
with f(\) = 0. Finally, if (& + 1)(&1 + 1) > 1 but &, & < —1, we have f(0) > 0
and for A with VA = —(& +&1)/2 > 0 we find f(A) < &1+ (S0 + &) VA+A =
&o&1 — (&0 + &1)2/4 = —(& — £1)?/4 < 0 and by continuity there is a A > 0 with
f(A) = 0. Again, the cases Sy = 0 and $; = 0 can be treated similarly. [

A representation of the eigenvalues of £ which is similar to the one in the proof
of lemma can be found in section 3 of |Cacciapuoti and Finco| (2010)).

The statement from lemma [I.1| reproduces the well-known results that the Lapla-
cian with Dirichlet boundary conditions («; = 1, 8; = 0) is negative definite whereas
the Laplacian with von Neumann boundary conditions («; = 0,8; = 1) is not (since
constants are eigenfunctions with eigenvalue 0).

Lemma 1.2. Let £ be negative definite. Then the following statements hold:
1. The linear SPDE has global, continuous #H-valued solutions.
2. Equation has a unique stationary distribution v on H. The measure v is
Gaussian with mean 0 and covariance function

_ BoBr + a1 wy + Boar (1 —x)(1 —y)
apa + apf + Boan

C(z,y) +rANy—ay (6)

where x A y denotes the minimum of  and y.



3. The measure v coincides with the distribution of U € C([0,1],R) given by
U(x)=(1—2)L+ xR+ B(x) vz € [0,1],

where L ~ N(0,0%), R ~ N(0,0%) with Cov(L, R) = o, the process B is a
Brownian bridge, independent of L and R, and

Bolon + B1) (oo + Bo) 1

a1 + apfr + Boar’ apar + agf + Poar’

0% =

o2 =

Bob1

apar + agf + Poar

OLR =

proof. From [Iscoe et al.| (1990)) and |Da Prato and Zabczyk| (1996) (see |Hairer et al.,
2005, Lemma 2.2) we know that has global, continuous H-valued solutions as well
as a unique stationary distribution given by v = N'(0, —£7!). An easy computation
shows that C' as given in equation @ is a Green’s function for the operator —L, i.e.
—02C(z,y) = 6(z — y) and for every y € (0,1) the function z +— C(z,y) satisfies the
boundary conditions (3]). This completes the proof of the first two statements.

For the third statement we note that U is centred Gaussian with covariance func-
tion

C(x,y) = Cov(U(:zc)7 U(y))
=Cov((1 —z)L+ xR+ B(z),(1—y)L +yR+ B(y))
=(1-2)(1-y)oi+ (1 -2)y+z(1-y)orr+ayop
+x Ny —xy.

The fact that this covariance function can be written in the form @ can be checked
by a direct calculation. [ |

Using the results for the linear SPDE (4) we can now study the full SPDE .
The result is given in the following lemma.

Lemma 1.3. Let £ be negative definite. Furthermore, let f = F’ where F' € C?(R,R)
is bounded from above with bounded second derivative. Then the following statements
hold:

1. The nonlinear SPDE has global, continuous H-valued solutions.

2. Equation has a unique stationary distribution p which is given by

%(u) = ;exp(/o1 F(u(z)) d:z:)

where v is the stationary distribution of from lemma and Z is the norm-
alisation constant.

proof. This result is well known, see e.g. |Zabczyk (1989) or [Hairer et al.| (2007,
corollary 4.5). B

2 Finite Element Approximation

In this section we consider finite dimensional approximations of the SPDE (2)), ob-
tained by discretising space using the finite element method. The approximation
follows the same approach as for deterministic PDEs. For background on the determ-
inistic case we refer to |Brenner and Scott| (2002) or |Johnson, (1990)).

To discretise space, let n € N, Az = 1/n and consider z-values on the grid kAz for
k € N. Since the differential operator £ in is a second order differential operator,
we can choose a finite element basis consisting of “hat functions” ¢; for ¢ € Z which
have p;(i Ax) = 1, ¢;(jAz) = 0 for all j # i, and which are affine between the
grid points. Formally, the weak (in the PDE-sense) formulation of SPDE ([2)) can be
written as

(v, du(t)) = B(v,u) dt + (v, f (u(t))) + V2 (v, dw(®))



where (-, -) denotes the L2-inner product and the bilinear form B is given by

B(u,v) = (v, Lu) = u(1)v'(1) — u(0)v'(0) —/O o' (2)v (x) da.

The discretised solution is found by taking u and v to be in the space spanned by the
functions y;, i.e. by using the ansatz

u(t) = YU (0,

and then considering the following system of equations:

(s, Zdem = (p;, 0 Z Uj;) dt + (i, f(z Uje)) dt + V2(ps, dw).  (T)

J J

The domain V of the bilinear form B depends on the boundary conditions of L;
there are four different cases:

1. If Bo,B1 # 0 in , i.e. for von Neumann or Robin boundary conditions, we
have V' = H'([0,1],R) and we consider the basis functions ¢; for i € I =
{0,1,...,n—1,n}.

2. If Bp = 0 and 51 # 0, i.e. for a Dirichlet boundary condition at the left boundary,
we have V = {u € H([0,1],R) | u(0) = 0} and we consider the basis functions
piforielI={1,....,n—1,n}.

3. If By # 0 and B, = 0, i.e. for a Dirichlet boundary condition at the right
boundary, we have V = {u € H!([0,1],R) | u(1) = 0} and we consider the basis
functions ¢; fori € I ={0,1,...,n— 1}.

4. If By, 51 = 0, i.e. for Dirichlet boundary conditions at both boundaries, we have
V = {u e H'([0,1],R) | u(0) = u(1) = 0} and we consider the basis functions
piforie I ={1,...,n—1}.

Throughout the rest of the text we will write I for the index set of the finite element
discretisation as above, and the discretised solution u = jer Ujp; will be described

by the coefficient vector U € R’. In all cases we define the “stiffness matrix” L™ ¢
R by LE;) = B(y;, ;) for all 4,j € I. For the given basis functions we get

7%36 lf1:]¢{07n}7
+= ifie{j—1,7+1},
L = - —2@ ifi=j=0,
v G iti=j=n,
0 else,
where the cases i = j = 0 and ¢ = j = n cannot occur for Dirichlet boundary

conditions. The “mass matrix” M € RI*! is defined by M;; = (i, ¢;) and for
1,7 € I we get

Az ifi=j¢{0,n},

Az ifie{j—1,j+1},

2Ag ifi=j e {0,n},

0 else,

Mij =

where, again, the cases ¢ = j = 0 and ¢ = j = n don’t occur for Dirichlet boundary
conditions. We note that the matrix L(™ only has the prefactor 1/Az instead of the
1/Az? one would expect for a second derivative. The “missing” Az appears in the
matrix M.

Since

COV(<‘Pi7w>7 <(Pj7w>) = <90i790j> - Mij’



equation @ can be written as
M dU; = L™U, dt + f,(Uy) dt + V2MY2dw,

where f,,: RT — R is defined by
Fu(w)i = (i, F(O_uies)) (8)
Jjel
for all u € R! and i € I. Multiplication with M ~! then yields the following SDE
describing the evolution of the coefficients (U;);er:

Definition 2.1. The finite element discretisation of SPDE is given by
dUy = M~ L™y, dt + M~ f, (U,) dt +V2M /2 aw, (9)

where W is an |I|-dimensional standard Brownian motion, I C {0,1,...,n} is the
index set of the finite element discretisation, and L™ and M are as above.

Our aim is to show that the stationary distribution of @D converges to the sta-
tionary distribution of the SPDE ([2)). We start our analysis by considering the linear
case f = 0. For this case the finite element discretisation simplifies to below.

Lemma 2.2. Let £ be negative definite. Then v,, = N(0, (fL("))’l) is the unique
stationary distribution of

dU; = M~ LM™U, dt +V2M Y2 aw,. (10)

proof. Since £ is a negative operator, the matrix L(™) is a symmetric, negative
definite matrix. As the product of a positive definite symmetric matrix and a negative
definite symmetric matrix, M ~1L(") is negative definite; its eigenvalues coincide with
the eigenvalues of

M—1/2L(n)M—1/2 — _((_L(n))1/2M—1/2)T ((_L(n))l/QM—l/Q)

From |Arnold| (1974} theorem 8.2.12) we know that then the unique stationary distri-
bution of the SDE is M(0,C")) where O™ solves the Lyapunov equation

Mmoo oMyt = —op—t

By theorem 5.2.2 of [Lancaster and Rodman| (1995, this system of linear equations
has a unique solution and it is easily verified that this solution is given by C") =
(=L, [

The following lemma shows that for f = 0 there is no discretisation error at all:
the stationary distributions of the SPDE , projected to RY, and of the finite element
discretisation @ coincide.

Lemma 2.3. Define II: C([O, 1],IR) — R! by
(TMu); = u(iAx) Vie I (11)

Let v be the stationary distribution of the linear SPDE on C([O, 1], R) and let v,
be the stationary distribution of the linear finite element discretisation . Then
we have

Up=voll !

for every n € N.

proof. Let C®*2°t be the covariance matrix of v o II-! and let C(™) be the covariance
matrix of v,,. Since both measures under consideration are centred Gaussian, if suffices
to show Cexact = C() By lemma the matrix C°*at satisfies

CoPet = C(ida, jAx)  Vijel



where C is given by equation (6)). By lemmawe have C(") = (=L(™)~1. A simple
calculation, using the fact that both C®*2°* and L(™ are known explicitly, shows
Cce2et (") — _J and thus C**2t = C'(™ (the four different cases for the boundary
conditions need to be checked separately). This completes the proof. [ |

The preceding results only consider the linear case and for the general case, in the
presence of the non-linearity f, we can of course no longer expect a similar result to
hold. As a starting point for analysing this case, we reproduce a well-known result
which allows to identify the stationary distribution of the discretised finite element
equation.

Lemma 2.4. Let I € C? (Rd7 R) with bounded second derivatives and satisfying the
condition Z = [y, €2F'(®) dz < co. Furthermore, let A € R?*? be invertible. Then the
SDE

dX; = AATVF(X,)dt + AdW; (12)
has a unique stationary distribution which has density
1
pz) = EGQF(w)

with respect to the Lebesgue measure on R?.

proof. Define G(y) = F(Ay) for all y € R%. By the assumptions on F we have G €
C? (Rd, R) with bounded second derivatives and Zg = fRd e2¢W) dy < co. Therefore,
the SDE

dY; = VG(Y;) dt + dW;

has a unique stationary distribution with density

_ L ac

Since VG(y) = ATVF(Ay), we have
dY, = ATVF(AY;) dt + dW,
and multiplying this equation by A gives
d(AY;) = AATVF(AY;) dt + AdW;.

Consequently, X; = AY; satisfies the SDE and has a unique stationary dis-
tribution with density proportional to ¥(A~1z) x 264" = ¢2F(*)  Since this
function, up to a multiplicative constant, coincides with ¢, the process X has sta-

tionary density . [ |

Because the stationary distribution in the lemma does not depend on A, the sta-
tionary distribution of does not change when we remove/add A from the equa-
tion. The process of introducing the matrix A is sometimes called “preconditioning
the SDE”.

In cases where we are only interested in the stationary distribution of a discretised
SPDE, the argument from lemma [2.4] allows us to omit the mass matrix M from
the finite element SDE @[) In particular we don’t need to consider the potentially
computationally expensive square root M'/? in numerical simulations.

Lemma 2.5. Let £ be negative definite. Furthermore, let f = F’ where F' € C?(R,R)
is bounded from above with bounded second derivative. Then the finite element
SDE @D has a unique stationary distribution u,, given by

dpp 1
m = Zn eXp(Fn) (13)

where

F,(u) = /01 F(Z ujgoj(x)) dx Vu € RY,

jel



Z, is the normalisation constant and v, is the stationary distribution of the linear
equation from lemma

proof. Let ®(u) = 2u' LMy + F,(u) for all u € R!. Then

aiq)(u) = (L(n) 3017 ZUJ‘PJ L(n u+ fn( ))

Jjel

for all « € I and thus @ can be written as
dU; = M~V O(U,) dt + V2M Y2 dw,.

By lemma this SDE has a unique stationary distribution p,, whose density w.r.t.
the |I|-dimensional Lebesgue measure A is given by

d,un 1 D(u) _ 1
20 () = = —r™ Fo(u)).
o =gt =2 Z-oxp(—guT (~LM)u+ Fuw)

n

From lemma [2.2] we know that the density of v,, w.r.t. X is

W () = ! ex —le —LM)g
d)‘() (QW)‘I‘/Z(det(—L(n)))% p( 2 =L )>

and consequently the distribution pu,, satisfies

m(ﬂc) = — (@) a(ﬂc) o< exp(Fy).

Since the right-hand side, up to constants, coincides with the expression in , the
proof is complete. [ |

3 Main Result

Now we have identified the stationary distribution of the SPDE (in section [1)) and of
the SDE (in section , we can compare the two stationary distributions. The result
is given in the following theorem.

Theorem 3.1. Let p be the stationary distribution of the SPDE on C([O, 1], R).
Let u, be the stationary distribution of the finite element equation @ on RY. Let
L be negative and assume f = F’ where F € C%(R) is bounded from above with
bounded second derivative. Then

_ 1
o™ = pinl 1y = O(ﬁ)
as n — oo, where ||-|lTv denotes total-variation distance between probability distri-

butions on RY.

Before we prove this theorem, we first show some auxiliary results. The following
lemma will be used to get rid of the (not explicitly known) normalisation constant Z,,.

Lemma 3.2. Let (2, F, 1) be a measure space and f1, fo: © — [0, 00] integrable with
Z; = [ fidu >0 for i =1,2. Then

/‘gglduﬁnm(;hzz)/ﬁlfﬂdﬂ-

proof. Using the L'-norm ||f|| = [ |f|du we can write

f1

15 2l 215 - = s e B

Since Z; = || f;]| we can conclude

\|\f2|| Hf1||!

12 -2 < Flis - sl + Zln-rl
1 1



where the second inequality comes from the inverse triangle inequality. Without loss
of generality we can assume Z; > Zs (otherwise interchange f; and fs in the above
argument) and thus the claim follows. [

Lemma 3.3. Let p and v be probability measures on C([O, 1], R) with p < v and let
IT: C([0,1],R) — R’ be the projection from (11)). Then poIl™! < voII™! and

d(poIl™")

_g (e
WOH_ED(E | IT).

proof. Let ¢ = %' Since E(p|II) is II-measurable, there is a function ¢: R — R
with E(p|IT) = ¢ o II. Let A C R! be measurable. Then

/’LﬁlAd(l/OH_l):/ ’(/JOH1H—1(A) dV:/ E(Lle) 11'[*1(14) dv
R c((0.11,r) c(f0,11.r)

:/ sy dv = p o T (A)
(CRIEY

by the definition of conditional expectation. This shows that v is indeed the required
density. B

proof (of theorem. Let II, v and v, as in lemma Using lemmata and
we find
dpoll™'  du,
dv,, dv,,
dpoll=? dpin
duoll oy din oy

dv,

o1t = gy = B,

M”HTV

(14)

dp  dpy
Ey(afaof[“_[)’

From lemma [[.3] we know

Lemma [2.5] gives
vy~ Zn
and by the definition of F,, we have

dpn 1 ' n
. oII(U) = ZeXp</() F(Uw( )) dx)

where U™ = S T(U);p;(x) for all U € C([0,1],R) and ¢;, j € I are the finite
element basis functions. Using lemma [3.2] we get

S Y

o1

< —/‘exp / )dm) —exp(/olF(U(”))dm)‘du(U).

Since the inequality |e” — 1| < || exp(|z|) holds for all z € R, we conclude

lo T = pin| 1 1
<’k (exp(/o PU) dr) ]exp(/o P(U.) ~ F(UL) dz) - 1])
< %E (exp(/1 (U(” )dx)

‘/ F(UM) dal - exp ]/ F(U;m)dx\))



U™

0 1/n 2/n 1 T

Figure 1: Illustration of the convergence of U™ to U. Under the distribution v, the
path U is a Brownian Bridge with random boundary conditions. Since U™ is the
linear interpolation of U between the grid points, the difference U™ — U consists of
a chain of n independent Brownian bridges.

where U is distributed according to the Gaussian measure v. Since F' is bounded from
above we can estimate the the first exponential in the expectation by a constant. Using
the Cauchy-Schwarz inequality we get

VR Ly T |

gclwélpmtg>..prgm>dxH2wkmp(kélpr@>_.F<Ugw>deH2 (15)

for some constant c;.

The main step in the proof is to estimate the right-hand side of [15] by showing
that |f01 F(U,) — F( é"))dx| gets small as n — oco. By lemma the path U
in stationarity is just a Brownian bridge (with random boundary values) and, by
definition, U(™) is the linear interpolation of the values of U at the grid points (see
figure [1| for illustration). Thus, the difference U™ — U can be written as

n
1
(U=UM) @) =3 Y (@) =Bl (o,
n 7n )
P f nx—(i—
where BW ... B are standard Brownian bridges, independent of each other and

of U™, Using Taylor approximation for F we find

1
‘/ F(Ux)—F(U;m)dx‘
0
1
‘/ FUM) (U, - UM) dx‘+ |\F”||Oo/ Uy — UM)? da

1
= [Pu] 4 5P s Qn. (16)

For the term |P,| we find

1/n )
n*z/ o, 7&%rnwz/fwgm2y

where B() are the Brownian bridges defined above. As an abbreviation Write fily) =
f(U(")1 ry/n ) Conditioned on the value of U™ the integrals fo fily )dy are

centred Gaussian with

Var(/olf?(y)Bg) dy ] U(")) —/Olﬁ(y)/ol(ym—yz)ﬁ(z)dzdy

_ n 2
< ellfilk < G(IU™ o + 1)

10



for some constants cq, cg > 0 where the last inequality uses the fact the f is Lipschitz
continuous. We get E(Pn ‘ v )) = 0 and, since the B are independent,

E(P? | U™) < G(IU™ 00 +1)*n2

Using the tower property for conditional expectations, and using ||U™||oe < |U]lsc,
we get

E(P2) < E((IU]l +1)°)n

+ 1”2 is finite, and we can conclude
IE(PS) < cin?

for some constant c¢4. Similarly, for @, we find

noo.1
Qn = Z/ (B{)? dy -n? (17)
=170
and thus, using independence of the B(®) again,

E(Qi) =cin3

for some constant c¢;. Combining these estimates we get

| F ) = F @), = [Bal, + 51 @l < con™ 4 esn=2 1)

and thus we have shown the required bound for the first factor of .
Finally, we have to show that the second factor in is bounded, uniformly in n:

From we get

exp |/ U(”))dx])H <E(exp(2|Pn|+ \\F”||00Qn))1/2

;/2 [l e @n

< [l )

(19)

It is easy to check that, for all & > 0, an N (0, 0?)-distributed random variable X
satisfies the inequality E(elX|) < 2e°*/2 and thus we have

2|P,|||1/2
2

e = ]E(e4‘P’L|)1/4 < 2exp(8cin~?) < 1 (20)

for all sufficiently large n. Furthermore, using and the fact that the B(® are
i.i.d., we find

el 1@ 372 = B (exp (2] F”|oc| BV 22 n‘z))nﬂ (21)

where we write | - |12 for the L2-norm on the space L2 ([O 1] ) By Fernique’s theorem

(Fernique, [1970) there exists an e > 0 with E (exp(e |[B1Y|2,)) < oo. For all A > 0 we
have

E(MEV ) = /OO]P’(eAIB“)Iiz >a)da <1+ /OOIP(|B<1>|§2 > b) At db
0 0

and using Markov’s inequality P(\B(1)|i2 >b) < E(eslB(l)liz)e_d’ we get

> 1 A 1
E(eAlB(l)liQ) S 1 +A ]E(GE|B< )|i2)efsb )\e)\b db=1 4 mE(es‘B( )‘32)
for all A < e. Substituting this bound into we have

e e @n|| 1% < (14 %)" <2 (22)
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for some constant cg and all sufficiently large n. From and we see that the
right-hand side of is bounded uniformly in n, i.e.

Hexp(’/o1 F(U,) - F(UQE”)> dx‘) HQ < ¢y (23)

for all n € N and some constant c7.
Combining and we see that the right-hand side in is of order O(n~1).
This completes the proof. |

For deterministic problems, the interpolation error of finite element methods can
often be reduced by considering basis functions composed of higher-order polynomials
instead of the linear basis functions considered here. This is a consequence of Céa’s
lemma, which states that the rate of error of the finite element approximation is
determined by how well the exact solution can be approximated by the basis functions
(see e.g. theorem 2.8.1 in Brenner and Scott], [2002). In contrast, when approximating
Brownian motion by splines, the approximation error is always of order 1/4/n where
n is the number of spline-nodes, independent of the polynomial order of the splines
(see for example [Kon and Plaskotal 2005, |Creutzig et al., [2007)). For this reason we
would expect that, for the situation considered here, the order of the leading error
term P, in cannot be improved by considering higher order polynomial basis
functions.

In theorem we compared the stationary distribution pu,, of the finite element
SDE on R’ and the stationary distribution u of the SPDE on C([O7 1], R) by projecting
p onto the finite dimensional space RY. An alternative approach is to embed R’ into
C([0,1],R) instead. A naive implementation of this idea would be to extend vectors
from R’ to continuous functions via linear interpolation. Unfortunately, the image
of p, when projected to C([O, 1],R) in this way would be mutually singular with p
and thus the total variation norm would not provide a useful measure for the distance
between the two distributions. For this reason, we choose here a different approach,
described in the following definition.

Definition 3.4. Given a probability measure u, on R?, we define a distribution fi,
as follows: Consider a random variable X which is distributed according to pu,. Given
X, construct Y € C([0,1],R) by setting Y (k Az) = Xj, for k=0,1,...,n and filling
the gaps between these points with n Brownian bridges, independent of X and of
each other. Then we denote the distribution of Y by fi,.

Lemma 3.5. Let p,, and v, be probability measures on R with u, < 4. Then
[l < Uy with
A _ dpin _
dp,  dun

II

on C([0,1],R).

proof. Let ¢ = ‘Zl‘;". Using substitution we get

B (fom) = [ fdn= [ podv, =B (for1-vom)

for all integrable f: R’ — R. Since, conditioned on the value of II, the distributions
i1, and 7, are the same, we can use the tower property to get

i(A) = Ey, (Eg, (14[11)) = By, (Ey, (14[1T))
=E;, (Es, (14[II) - ¢p o II) = E;, (149 o 1)
for every measurable set A. This shows that ¢ oIl is the required density. |

Corollary 3.6. Let u be the stationary distribution of the SPDE on C([0,1],R).
Let u, be the stationary distribution of the finite element equation @ on RY. Let

12



L be negative and assume f = F’ where F € C%(R) is bounded from above with
bounded second derivative. Then

o
H“ - M”HTV = O(g)

as n — oQ.

proof. Let v be the stationary distribution of the linear SPDE on C([O, 1,R
and let v, be the stationary distribution of the linear finite element equation (|10))
on R!. By construction of the process U in the third statement of lemma and
by the Markov property for Brownian bridges, the distribution of U between the grid
points, conditioned on the values at the grid points, coincides with the distribution
of n independent Brownian bridges. By lemma the distribution of U on the grid
points is given by v,,. Thus we have v = 7,,. Using this equality and lemma we
find

H“_ﬂ | —F dﬁ_%_ di_dﬂloﬂ‘

miTv “Idv  dv “I'dv  du,
Now we are in the situation of equation and the proof of theorem applies
without further changes. |
4 Examples

To illustrate that the suggested finite element method is a concrete and implementable
scheme, this section gives two examples for the finite element discretisation of SPDEs,
both in the context of infinite dimensional sampling problems.

For the first example, for ¢ > 0, consider the SPDE

duu(t, z) = d2u(t, z) — Pul(t, z) + V20,w(t, x) Y(t,z) € Ry x (0,1)
with Robin boundary conditions
Ozu(t,0) = cu(t,0), Oyu(t,1) = —cu(t, 1) vVt € Ry, (24)

where J;w is space-time white noise. From Hairer et al. (2007) we know that the
stationary distribution of this SPDE on C([O, 1], R) coincides with the distribution of
the process X given by

dX; = —cX, dr + dW; V1 € [0,1]

1 (25)
Xo ~ N(0, %),

where the time 7 in the SDE plays the role of the space x in the SPDE. In the
framework of section [l the boundary conditions correspond to the case ag =
a1 = cand By = B; = 1. Since B; # 0, we need to include both boundary points in
the finite element discretisation and thus have I = {0,1,...,n} and R = R"*!. The
matrix L(™ is given by

—1—cAz 1
1 1 -2 1
L(n) - = 1 —9 1 c R(n-{-l)x(n-‘rl)’
Az 1 =2 1

1 —-1-cAx

where the middle rows are repeated along the diagonal to obtain tridiagonal (n+1) x
(n + 1)-matrices. Similarly, the mass matrix M is given by
2 1
1 4
A
_ 27 1

c R(TL+1)X(7L+1)
6

M

— s

N =
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where, again, the middle rows are repeated along the diagonal. Finally, it transpires
that the discretised drift for this example is given by f,(u) = —cMu. By lemma
the n + 1 dimensional SDEs

dU, = MY L™U, dt — cU, dt +V2M /% aw,

and

AUy = LU, dt — cM Uy dt + V2 dW,,
where W is an (n + 1)-dimensional Brownian motion, both have the same station-
ary distribution and this stationary distribution converges to the distribution of the

process X from in the sense given in theorem and corollary
As a second example, consider the SPDE

du(t, ) = Bu(t,z) — (99" + %g”)(u) +V20,w(t, x) V(t,x) € Ry x (0,1)

with Dirichlet boundary conditions
u(t,0) =u(t,1) =0 vVt e Ry,

where g € C3(R,R) with bounded derivatives g’, ¢” and g"”’. From Hairer et al.| (2007)
we know that the stationary distribution of this SPDE on C([0,1],R) coincides with
the conditional distribution of the process X given by

dX, = g(X,)dr +dW,  Vre0,1]

26
Xo =0, (26)

conditioned on X; = 0.

Since we have Dirichlet boundary conditions, the boundary points in the finite
element discretisation are not included: we have I = {1,2,...,n—1} and R = R~
The matrices L™ and M are given by

1 -2 1
L(") - 1 -9 1 c R(n—l)x(n—l)7
Ax 1 9
and
A 1
M= 2t 4 1| e RE-Dx(n-1)
6 1 4

where, again, the middle rows are repeated along the diagonal to obtain matrices of
the required size. The discretised drift f,, can be computed from ; if an analytical
solution is not available, numerical integration can be used. By the assumptions on g,
the function F = —1(g* + ¢/) satisfies the conditions of theorem Thus, the
stationary distributions of the (n — 1)-dimensional SDEs

dU, = M LM™U, dt + M1 f,(Uy) dt + V2M Y2 dw,

and
AUy = LUy dt + f,(Uy) dt + V2 dW,

coincide and converge to the conditional distribution of X from , conditioned
on X; =0.
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